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Published online: 6 March 2003 – c© Società Italiana di Fisica / Springer-Verlag 2003
Communicated by A. Molinari

Abstract. Electron scattering Coulomb form factors for the single-particle quadrupole transitions in p-shell
and sd-shell nuclei have been studied. Core polarization effects are included through a microscopic theory
that includes excitations from the core orbits up to higher orbits with 2�ω excitations. The modified surface
delta interaction is adopted as a residual interaction. The results are discussed for the (1p−1

1/2 → 1p−1
3/2)

proton transition in 15N, (1d5/2 → 2s1/2) neutron transition in 17O and (1d−1
3/2 → 2s−1

1/2) proton transition

in 39K. The inclusion of core polarization effects modifies the form factors markedly and describes the
experimental data very well in both the absolute strength and the momentum transfer dependence.

PACS. 25.30.Dh Inelastic electron scattering to specific states – 21.60.Cs Shell model – 27.20.+n 5 ≤
A ≤ 19 – 27.40.+z 39 ≤ A ≤ 58

Introduction

Shell model calculations, carried out within a model space
in which the nucleons are restricted to occupy a few orbits
are able to reproduce the measured transition strengths
when appropriate effective charges for the protons and
neutrons are used. The Coulomb form factors have been
discussed for the stable sd-shell nuclei using sd-shell wave
functions with phenomenological effective charges [1].
However, the introduction of effective charges may bring
the calculated transition strengths, which are defined at
the photon point, as well as, the form factors at the first
maximum, closer to the measured values, but the non-zero
momentum transfer (q) values might deviate appreciably
from the measured values. For electric quadrupole excita-
tions, it has been recognized that these transitions have
highly collective properties. To supplement usual shell
model treatments, core polarization calculations based on
a microscopic theory provide a more practical attempt to
describe such collective Coulomb quadrupole excitations.
Core polarization effects have been calculated by using mi-
croscopic models for transition between single-particle (or
hole) states with LS closed shell [2]. A microscopic model
has been used [3] to study the core polarization effect
on the transition and current densities of single-particle
configurations. Their model gave quite satisfactory results
for describing the quadrupole core polarization charges in
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the sd-shell nuclei in comparison with the empirical ones.
Moreover, the Coulomb form factor of the (1d−1

3/2 → 2s−1
1/2)

transition in 39K gave a remarkably good agreement with
experimental form factors both in the absolute strength
and the q-dependence [3]. Core polarization effects were
taken into account by Arima et al. [4] in the study of
the magnetic form factor of 17O. The first-order core po-
larization effects were incorporated with the p-shell wave
functions by Sato et al. [5], where these effects greatly im-
proved the agreement with the experimental (e, e′), (π, π′)
and (γ, π) data from 10B. The inclusion of higher-excited
configurations by means of core polarization calculations
was essential to remove the shortfall in describing electron
scattering form factors of 10B [6].

In the present work, the C2 longitudinal form factors
are studied for 15N, 17O and 39K. The nuclei 15N and
39K represent a proton hole inside a closed shell, while
17O represents a neutron particle outside a closed shell.
Higher-energy configurations are included as a first-order
core polarization through a microscopic theory which com-
bines shell model wave functions and highly excited states.
Single-particle wave functions are used as a zero-th contri-
bution and the effect of core polarization is included as a
first-order perturbation theory with the modified surface
delta interaction (MSDI) [7] as a residual interaction and a
2�ω for the energy denominator. The single-particle wave
functions are those of the harmonic-oscillator (HO) poten-
tial with size parameter b chosen to reproduce the mea-
sured root mean square (rms) charge radii of these nuclei.
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Theory

The core polarization effect on the form factors is based
on a microscopic theory, which combines shell model wave
functions and configurations with higher energy as first-
order perturbations; these are called core polarization ef-
fects. The reduced matrix elements of the electron scat-
tering operator TΛ is expressed as the sum of the product
of the elements of the one-body density matrix (OBDM)
χΛ

ΓfΓi
(α, β) times the single-particle matrix elements, and

is given by

〈Γf |||TΛ|||Γi〉 =
∑
α,β

χΛ
ΓfΓi

(α, β) (α|||TΛ|||β) , (1)

where α and β label single-particle states (isospin is in-
cluded) for the model space. For p-shell nuclei, the or-
bits 1p3/2 and 1p1/2 define the model space. For the
sd-shell, the orbits 1d5/2, 2s1/2 and 1d3/2 define the model
space. The states |Γi〉 and |Γf〉 are described by the model
space wave functions. Greek symbols are used to denote
quantum numbers in coordinate space and isospace, i.e.
Γi ≡ JiTi, Γf ≡ JfTf and Λ ≡ JT .

According to the first-order perturbation theory, the
single-particle matrix element is given by [7]

(α|||TΛ|||β) = 〈α|||TΛ |||β〉+ 〈α|||TΛ
Q

Ei −H0
Vres|||β〉

+ 〈α|||Vres
Q

Ef −H0
TΛ|||β〉 . (2)

The first term is the zeroth-order contribution. The
second and third terms are the core polarization contri-
butions. The operator Q is the projection operator onto
the space outside the model space. For the residual inter-
action, Vres, we adopt the MSDI (7). Ei and Ef are the
energies of the initial and final states, respectively. The
core polarization terms are written as [7]

∑
α1α2Γ

(−1)β+α2+Γ

eβ − eα − eα1 + eα2

(2Γ + 1)
{
α
α2

β
α1

Λ
Γ

}

×
√
(1 + δα1α)(1 + δα2β)

×〈αα1|Vres|βα2〉Γ 〈α2||| TΛ|||α1〉
+terms with α1 and α2 exchanged with
an overall minus sign , (3)

where the index α1runs over particle states and α2 over
hole states and e is the single-particle energy. The core
polarization parts are calculated by keeping the interme-
diate states up to the 2p1f -shell for 15N and 17O. For 39K,
the intermediate states are kept up to 1g3s2d-shell.

The single-particle matrix element reduced in both
spin and isospin is written in terms of the single-particle
matrix element reduced in spin only [7]

〈α2|||TΛ|||α1〉 =
√

2T + 1
2

∑
tz

IT (tz)〈α2||TJtz
||α1〉 (4)

with

IT (tz) =
{
1 , for T = 0 ,
(−1)1/2−tz , for T = 1 , (5)

where tz = 1/2 for a proton and −1/2 for a neutron.
The reduced single-particle matrix element of the

Coulomb operator is given by [8]

〈α2||TJ ||α1〉 =
∫ ∞

0

drr2jJ(qr)〈α2||YJ ||α1〉Rn1�1(r)Rn2�2(r),
(6)

where jJ(qr) is the spherical Bessel function and Rn�(r)
is the single-particle radial wave function.

Electron scattering form factor involving angular mo-
mentum J and momentum transfer q, between the initial
and final nuclear shell model states of spin Ji,f and isospin
Ti,f is [9]

|FJ(q)|2 =
4π

Z2(2Ji + 1)

∣∣∣∣∣
∑

T=0,1

(
Tf T Ti

−Tz 0 Tz

)

×〈JfTf |||TJT |||JiTi〉
∣∣∣∣∣
2

F 2
cm(q)F 2

fs(q) , (7)

where Tz is the projection along the z-axis of the ini-
tial and final isospin states and is given by Tz = (Z −
N)/2. The nucleon finite-size (fs) form factor is Ffs(q) =
exp(−0.43q2/4) and Fcm(q) = exp(q2b2/4A) is the correc-
tion for the lack of translational invariance in the shell
model. A is the mass number, and b is the harmonic-
oscillator size parameter.

The single-particle energies are calculated according
to [7]

enlj = (2n+ l − 1/2)�ω

+

{
− 1

2 (l + 1)〈f(r)〉nl , for j = l − 1/2 ,
1
2 l〈f(r)〉nl , for j = l + 1/2 ,

(8)

with 〈f(r)〉nl ≈ −20A−2/3 and �ω = 45A−1/3 − 25A−2/3.

Results and discussion

The core polarization effects are calculated with the MSDI
as a residual interaction. The strength parameters of the
MSDI are denoted by AT , B and C [7], where T in-
dicates the isospin (0,1). An empirical estimate of these
parameters can be obtained as a function of the mass
number A by comparing the calculated quadrupole mo-
ments for the stable sd-shell nuclei with Jπ = 3/2+

and 5/2+ using core polarization effects with the mea-
sured values. The model space wave functions in this case
are no longer single-particle wave functions. We use the
wave functions of Chung-Wildenthal interactions, where
the OBDM are taken from ref. [10]. The results of such
comparison gives the values of the parameters equal to
A0 = A1 = B = (20/A) MeV and C = 0. The measured
qudrupole moments for these nuclei are well described as
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Table 1. Electric ground-state quadrupole moment Q (in units of e · fm2).

Q

Nucleus Jπ T b (fm)(a) No CP With CP Experiment(b)

17O 5/2+ 1/2 1.763 0.0 −2.84 −2.58
21Ne 3/2+ 1/2 1.845 5.77 9.87 10.3 ± 0.8
23Na 3/2+ 1/2 1.810 5.92 9.62 10.8 ± 0.8
25Mg 5/2+ 1/2 1.793 11.10 16.36 22
27Al 5/2+ 1/2 1.804 8.96 12.30 14.0 ± 0.02
33S 3/2+ 1/2 1.881 −3.76 −5.89 −6.4 ± 1.0
35Cl 3/2+ 1/2 1.921 −4.67 −6.82 −8.2
37Cl 3/2+ 3/2 1.921 −5.0 −5.63 −6.5
39K 3/2+ 1/2 1.950 5.32 7.12 5.4 ± 0.2

(a) Table 3 in ref. [10].

(b) Refs. [11–13].

Table 2. Theoretical calculations of the reduced transition probabilities B(C2 ↑) values (in units of e2 · fm4) in comparison
with experimental values.

B(C2 ↑)
Nucleus Jπ

f Tf (Ex MeV) s.p. s.p. + CP s.p. (with eeff) Exp.

15N 3/2− 1/2 (6.32) 7.87 15.14 14.35 14.80 ± 5.0(a)

17O 1/2+ 1/2 (0.87) 0.0 2.02 2.12 2.18 ± 0.16(b)

39K 1/2+ 1/2 (2.53) 11.5 22.72 20.92 18.90 ± 1.8(c)

(a) Ref. [15].

(b) Ref. [18].

(c) Ref. [17].

Table 3. The one-body density matrix elements.

Nucleus Jπ
f Tf α β χ20

ΓfΓi
(α, β) χ21

ΓfΓi
(α, β)

15N 3/2− 1/2 1p1/2 1p3/2 1.0 −1.0
17O 1/2+ 1/2 1d5/2 2s1/2 1.0 1.0
39K 1/2+ 1/2 1d3/2 2s1/2 1.0 −1.0

given in table 1. This choice of the strength parameters
brings the calculated B(C2 ↑) values for the transitions to
the states 3/2−1/2 (6.32 MeV), 1/2+1/2 (0.87 MeV) and
1/2+1/2 (2.53 MeV) in 15N, 17O and 39K, respectively,
very close to the measured values as shown in table 2.
The single-particle wave functions are those of the HO
potential whose size parameters b are chosen to reproduce
the measured rms charge radii and are displayed in ta-
ble 1. The OBDM elements for the transitions considered
in this work for 15N, 17O and 39K are given in table 3.

The C2 form factors for the 3/2−1/2 state at ex-
citation energy Ex = 6.32 MeV of 15N are shown in
fig. 1(a). The dashed curve represents the calculation with
the single-particle (s.p.) model (1p−1

1/2 → 1p−1
3/2). The os-

cillator parameter b is taken to be 1.678 fm to reproduce
the rms charge radius [14]. The calculated B(C2 ↑) value
is found to be equal to 7.87 e2 · fm4 in comparison with
the measured value 14.8± 5.0 [15]. The data are well de-
scribed by this model for q > 1.5 fm−1, while the low-q

data as well as the photon point are underestimated. The
core polarization effects are included by allowing particle-
hole excitations form 1s and 1p shells up to the higher
shells with 2�ω excitations. The core polarization form
factor (CP) is shown by the dotted curve. The full calcu-
lations that include core polarization effects (s.p. + CP)
are shown by the solid curve. The inclusion of core polar-
ization effects enhances the form factor for q < 1.5 fm−1

and brings the photon point very close to the measured
value as given in table 2. An excellent overall agreement
is obtained with the measured data. When we use ef-
fective charge (eeff = 1.35 e) for the valence proton to
reproduce the measured B(C2 ↑) value, the calculations
agrees very well with those which include the core polar-
ization effects, only for q < 1.0 fm−1. These calculations
are shown by the cross symbols in fig. 1(b) in compari-
son with the s.p. model (dashed curve) and with the full
calculations that include core polarization effects (solid
curve). The constant effective charge cannot explain the
data for q > 1.0 fm−1. The core polarization calculations
show that the effective charge must be q-dependent in or-
der to fit the data in the different q regions. In comparison
with the results of ref. [2], the Rosenfeld result (RM) de-
scribed the data only for q � 1.0 fm−1, and this result
looks like the effective-charge result given in fig. 1(b) as
a cross symbols curve. The G-matrix result (KR) slightly
overshoots the data. The attractive triple-odd interaction
(ATO) gives almost same result as that used in the present
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Fig. 1. The Coulomb form factor of the quadrupole transition
to the 3/2−1/2 state in 15N. The upper panel (a) represents
the calculations of the single-particle model without core po-
larization effects (dashed curve) and with core polarization ef-
fects (solid curve). The dotted curve in (a) represents the core
polarization contribution. The data are taken from ref. [19].
The lower panel (b) represents the comparison between the
effective-charge model (cross symbols) with the single-particle
model which includes core polarization (solid curve) and also
with that which does not include core polarization (dashed
curve).

work. However, ref. [2] used a size parameter b for the HO
potential equal to 1.7 fm which is in between the value
used in this work (b = 1.678 fm) to get the rms charge
radius and the value that adjusted to the elastic electron
scattering on 15N which is equal to 1.74 fm [16].

The C2 form factor for the 1/2+1/2 state at Ex =
0.817 MeV of 17O are shown in fig. 2. The zeroth-order
calculations give no contribution to the C2 form factor,
since the s.p. model represents a neutron outside a closed
1p-shell. The inclusion of core polarization effects repro-
duces the measured B(C2 ↑) value correctly, as given in

Fig. 2. The Coulomb form factor of the quadrupole transition
to the 1/2+1/2 state in 17O. The solid curve corresponds to the
single-particle model with core polarization. The cross symbols
correspond to the single-particle model with effective charges.
The data are taken from ref. [18].

table 2, and describe the non-zero q-values very well, re-
produces the first and second maxima, and locates the
diffraction minimum at its right location, as shown by the
solid curve in fig. 2. The effective-charge model reproduces
the measured B(C2 ↑) value with eeff = 0.525 e for the
valence neutron, and the non-zero q-values deviate signif-
icantly from the core polarization calculations and hence
the experimental data, as shown by the cross symbols in
fig. 2. The effective-charge model underestimates the data
for the first maximum by about a factor of 2, while over-
predicts the second maximum by an order of magnitude.
In comparison with the result of ref. [2], the G-matrix re-
sult underestimates the data for the first maximum by a
factor of 4. The data for the second maximum have large
error bars. The ATO result gives the first maximum at
about 8 × 10−5 e2 · fm4, while the data gives the value
≈ 2 × 10−4 e2 · fm4, for the form factor. The location
of the diffraction minimum and the form factor values for
the second maximum agree very well with our results. The
RM result underestimated the data for the first maximum
by about a factor of 3, while the second maximum over-
estimated the data by a factor of more than 3. Also, the
location of the diffraction minimum was shifted towards a
value of q lower than that of the ATO and our results. The
RM result gave the same behavior as the effective-charge
result (cross symbols curve in fig. 2).

The C2 form factors for the 1/2+1/2 state at Ex =
2.53 MeV of 39K are shown in fig. 3(a). The single-
particle (s.p.) model (1d−1

3/2 → 2s−1
1/2) (dashed curve)
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Fig. 3. The Coulomb form factor of the quadrupole transition
to the 1/2+1/2 state in 39K. The upper panel (a) represents the
calculations of the single-particle model without core polariza-
tion effects (dashed curve) and with core polarization effects
(solid curve). The dotted curve in (a) represents the core po-
larization contribution. The data are taken from ref. [17] (tri-
angles), ref. [20] (circles). The lower panel (b) represents the
comparison between the effective-charge model (cross symbols)
with the single-particle model which includes core polarization
(solid curve) and also with that which does not include core
polarization (dashed curve).

underestimates the data in both the transition strength
(11.5 e2 · fm4 in comparison with the measured value
18.9± 1.8 e2 · fm4 [17]) and the q-dependent form factor.
The core polarization effects are calculated by allowing
particle-hole excitations from the core-orbits (1s, 1p and
2s1d shells) into the higher orbits with 2�ω excitations.
The inclusion of core polarization effects reproduces the
measured transition strength correctly as given in table 2
and describes the non-zero q-values very well as shown by
the solid curve in fig. 3(a). Figure 3(b) shows the compari-
son between the effective charge model that using effective

charge = 1.35 e, (cross symbols) and the s.p. model which
includes core polarization (solid curve) and also with that
which does not include core polarization (dashed curve).
The effective-charge model gives almost the same result
as the core polarization result for q � 2 fm−1, and starts
to deviate towards higher q-values beyond that.

Our result agrees very well with that of ref. [3], us-
ing Hatree-Fock single-particle wave functions and the
particle-vibration-coupling model for core polarization
calculations. The ATO result of ref. [2] agrees very well
with our result in the region of the first maximum, while
it underestimates the data by about a factor of 2 in the
region of the second maximum. The RM and KR results
in this case describe the data better than the ATO result
in the region of the second maximum, but slightly under-
estimate the data in the region of the first maximum.

Conclusions

Core polarization effects are essential in the calculation
of C2 form factors. The inclusion of core polarization
gives a remarkable improvement in the form factors both
in the absolute strengths and the momentum transfer
dependence without introducing adjustable parameters.
Effective-charge models cannot be always considered as
a successful alternative for core polarization calculations.
The MSDI, which has a simple form, used for the interme-
diate states, as a residual interaction between particles out
of the model space is an adequate choice for core polariza-
tion calculations. Core polarization calculations presented
in the present work, succeeded in describing the electron
scattering data at the beginning of the sd-shell nuclei and
at the end. These calculations can be extended to cover
the entire sd-shell region, and also can be used even for
higher shells.
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